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Abstract-The well·known Cagniard's technique seems very useful for analyzing the transient problem of an
elastic body subjected to a moving load with uniform velocity, but, in the cases of non-uniform velocity it
would be difficult to apply the technique directly to analyze the problem. For such cases, instead of the
technique, the convolution theorem of the Laplace transform or the dynamic Betti·Rayleigh reciprocal
theorem has been applied usefully by many authors.

In this paper, an inversion scheme which enables us to apply the Cagniard's technique directly to those
difficult problems is presented by solving the problem of a reciprocating anti-plane shear load applied to a
layered elastic half space. In this treatment it will be found clearly that our technique is simpler and more
systematic than any other techniques for solving the problem. Numerical results are shown in the form of
curves and the wave·front singularities are also investigated.

l. INTRODUCTION

All branches of recent transport have advanced because of increasing speeds and weights of
vehicles. As a result, machine and structure with moving vehicles have been subjected to
dynamic behaviours more than ever. That is why the problems concerning a moving load attract
attentions of researchers in this field. We can find a comprehensive treatment concerning these
problems in Ffyba's book[l].

For example, the problems of a steadily moving load on the surface of an elastic half space are
treated in Refs [2-4] and the transient problems of this type are also considered by
Payton[5], Ang[6], Oakenheimer[7], etc. However, these analyses are limited to such problems as
those of a moving load with uniform velocity. It appears that there have been only a few paper
concerning the load with non-uniform velocity. We can cite the work of Beitin[8] as a typical
example. He has obtained the surface response of an elastic half space subjected to a
decelerating load. Although Miles [9] has considered the response due to a non-uniformly
expanding blast wave, he has not given any numerical examples. On the other hand, Stronge[lO]
and Myers [11] have analyzed the transient behaviour of a liquid half space due to accelerating
and decelerating loads, respectively. These solutions are valid for the problem of an anti-plane
shear load in the theory of elasticity.

The studies just mentioned above are limited to such problem that the load moves forward
and never returns to its initial position. But, there are so many machines and structural
constituents subjected to a reciprocating load such as a reciprocating engine. Then, it will be
desirable to consider the response due to the load. Notwithstanding the importance of this
problem, there have been no studies except Ohyoshi's[l2] relating the problem. He has obtained
the steady-state solutjons for an elastic half space. So, in the previous paper [13] the author has
tried to establish an inversion scheme for solving the problem of a moving load with an arbitrary
variation of velocity and obtained the transient response of an elastic half space subjected to the
reciprocating anti-plane shear load.

Besides, for a layered media the steady-state responses due to the uniformly moving load
were investigated by Sackman[l4] and Wright and Baron[l5]. The transient response due to a
stationary load was studied by Knopoff[l6] and the author[l7]. However, there also have been
little papers for the traisient response due to a non-uniformly moving load.

While the problem of the uniformly moving load has been solved concisely by the application
of the well-known Cagniard's technique [6, 7], there has been no direct applications of it to the
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problem of non-uniformly moving load. Instead of the technique, the convolution theorem of the
Laplace transform [1O, 11] and the dynamic Betti-Rayleigh reciprocal theorem have been used
availably. Owing to this, the analysis has been always complicated mathematically. To overcome
the difficulty, taking into account of the fact that the response at an observing point is given by the
sum of disturbance generated by a wave emanating from a loaded point, the author made a
change in the course of the Laplace transform and developed an inversion scheme as shown in
[13]. The scheme has led the Cagniard's technique to be available and simpler than any other
analyses.

In this paper we study the transient response of a layered elastic half space subjected to a
reciprocating anti-plane shear load in order to develop the scheme further. The load is suddenly
applied and subsequently moves in an interval on the surface of the layer as a trigonometric
function of time. The exact response on the interface is obtained in terms of single integration. It
is shown that the discontinuities in the displacement take place only for the case when the
maximum velocity of the load is greater than that of SH-wave of the layer. In this case the
displacement has a finite jump on a leading front and has a logarithmic discontinuity immediately
behind the front emanating from a sonic point. Numerical calculations are carried out for a case
of maximum velocity and the results are shown graphically.

2. FORMULATION

Let us consider a layered elastic half space shown in Fig. 1based on a Cartesian coordinates
system (x, y, z). An elastic layer with thickness h and an elastic half space having dissimilar
material properties are bonded together at a common boundary y :::: 0, 0~ IxI< 00. The interiors of
the layer and the half space are defined by -h ~ y <°and y > 0, respectively. Material
properties, components of stress and displacement are denoted by subscripts 1for the layer and
by 2 for the half space.

An anti-plane shear load of magnitude P is suddenly applied and subsequently moves in an
interval 0~ IxI~ I on the surface of the layer as a trigonometric function of time. It is also
assumed that the load is removed from the layer just after time to. Then, the load is given by

O'Y'1=P8(x-lsinwt)H(t)H(to-t); at y=-h (1)

where w is the angular frequency of the reciprocating motion, and 8( ) and H( ) are Dirac's delta
and Heaviside's unit step functions, respectively. The velocity of the load is given by

v=lwcoswt (2)

Since the load is only an anti-plane shear load, the resulting response of the layered half space
is governed by the equations,

(3)

where Wi is the displacement in the direction of z-axis and where ILi and Pi are shear modulus
and density, respectively. The repeated subscripts do not mean the convention of summation

;--_-.L.._-+-- -+-_ X

f',. y,

y

Fig. 1. The layered half space subjected to a reciprocating anti-plane shear load.
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throughout the paper. Non-vanishing components of stress are defined by

Then, assuming the quiescent conditions

we apply the Laplace and Fourier transforms defined by

I*(s) = L~ f(t)exp(-st)dt; Laplacetransform

/(g) = L~ f(x) exp (igx) dx; Fourier transform

to eqns (1), (3) and (4) and to the continuity conditions on the interface,

6S

(4)

(5)

(6)

(7)

(8)

Following the inversion scheme shown in [13], we leave the transform of eqn (1) in the form of
the Laplace transform as

('0
U~ztIY=-h = P Jo exp (igl sin wt' - st') dt'

The evaluation of the above integral is very simple and yields

U~ztIY--h=P f .JnW) [exp{to(inw-s)-l}-I]
n __~mw-s

(9)

(10)

This expression is not desirable because of the difficulty of applying the Cagniard's technique.
Notwithstanding the use of the integral representation of the Bessel function JnW), both the
Cagniard's technique and the convolution theorem of the Laplace transform are applied and the
solution obtained will be somewhat complicated form of infinite series involving integration.

Therefore, we employ the form of eqn (9) so that we can apply the Cagniard's technique directly
and can obtain a concise solution. Succeeding Fourier inversion of the interface displacement is
given by [17] as

W*(x, s) = _f f ('0
dt' f~ 1 (IJ.tfl t - IJ.zflz)n

1T n-O Jo ~ IJ.tflt + IJ.zflz IJ.tflt + IJ.zflz

x exp {-ig(x -I sin wt') - st' - (2n + l)flth} d~

fJj = (e +s2/cl)t/Z, Re(flj) ~ 0

where W(x, t) is defined by

(11)

(12)

As shown in [16, 17], the application of the Cagniard's technique leads eqn (11) to an alternate
form of integration along the Cagniard's contour shown in Fig. 2. That is

- 1TpIJ.t W*(x, s) = f W~(x, s)
n=O

(13)

(14)
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lm(~)

Y~1

Fig. 2. Cagniard's contours ('Y ;'ii I).

Tn (7]) = 7] +Y(X -L sin!l7])2+(2n + If (15)

~ ± = - i(T -7])(X - L sin !l7]) ±(2n + 1)Y(T _7])2_(X - L sin!l7])2-(2n + 1)2 (16)
n (X - L sin!l7])2 + (2n + 1)2

T. (n = 1 (a l - Aa2)n (17)
n at+Aa 2 al+ Aa2

and the following dimensionless quantities are introduced,

X=xlh, T=c1tlh, 7]0=c 1tolh, L=llhJ
A = fJ-2/fJ-h 'Y = c2/ch !l = hW/c1

with 0 < 'Y ~ 1 assumed for convenience.

(18)

3. LAPLACE INVERSION

It is clear that the first integral in eqn (14) is just the same form as the Laplace transform.
Thus, the subsequent step is to change the order of the double integration so that we can obtain
the inversion by inspection. So, let us consider the inversion of the general n-th term Wn *(x, s) in
eqn (13).

In the first, the function T = Tn (7]) given by eqn (15), which is the lower bound of the first
integral, and its inverse function defined by 7] = Tn-l(T) should be examined. If the derivative of
Tn (7]) with respect to 7],

dTn(7])=I_ L!l(X-Lsin!l7])cos!l7]

d7] V(X - L sin !l7])2+ (2n + 1)2
(19)

is positive for all 7] (O:;:a 7] :;:a 7]0), the inverse function is a single-valued function and for a given T

we can determine 7] uniquely. In this case the order is changed easily and eqn (14) is reduced to
the form of the Laplace transform. (The region of support for the double integration is shown by
the region above the thick curve T = Tn (7]) in Fig. 4a). That is

(20)
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By inspection, we obtain the inversion in terms of single integration as

67

W(x, t)::: [H{Tn(7/0)- T}H{T - YX2+ (2n + l)2} r·-I(T) + H{T - Tn (7/0)} 1"0]
x { Tn «(n+) dj;+ - Tn «(n-) dj;-} d7/ (21)

It is evident that the integrand in eqn (21) shows the disturbance caused by a wave originated
from a loaded point at time 7/ and that the integration implies the sum of the disturbance.

Response on the center axis 0/ the reciprocating motion
If the function Tn( 7/) has extremum, the inverse function 7/ ::: Tn-I(T) is a multi-valued function

and the inversion of eqn (14) becomes more complicated. Then, for the sake of the simplicity we
confine our attention to the response at the point X ::: O. The point is on the center axis of the
reciprocating motion. Thus, putting X::: 0 in eqns (15) and (19), we get

T::: Tn (7/)::: 7/ + YL2sin207/ + (2n + If

dTn (7/)::: 1+ UOsin(207/)
d7/ 2YL2sin207/ + (2n + 1)2

(22)

(23)

Considering these equations well, we easily have the following conclusions: (i) if 1/0 ~
V (2n + 1)2 + U - (2n + 1), Tn (7/) is a monotonically increasing function and 7/::: Tn-1(-1') is a
single-valued function, (ii) if 1/0<V(2n+l)2+L2-(2n+l), Tn (7/) has extremum and
7/ ::: Tn-I(T) is a multi-valued function.

(LR)'

.2!cl
L

o,L...-----+---+---,3~----'

Fig. 3. The graphical classification of the cases (i), (iiH and (ii)-2.

In the case (i) it is evident that the Laplace inversion of eqn (14) is given by eqn (21) with
substitution of X::: 0, however, in (ii) the expression of eqn (21) is not acceptable because of the
multi-valuedness of the inverse function. Then, the following analysis is set on the latter case.

As eqns (2) and (23) show us that the velocity of the load and dTn(7/)/d7/ vary with period
277/0 and 7710, respectively, it is sufficient to proceed the analysis for the first one period,
7/0::: 277 tn. (The solution of the longer applied time will be obtained by superposing the solution
obtained here with shifting of time.) With this assumption, 7/0 ::: 27710, the case (ii) is decomposed
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(a) (b)

(i j) - 2 ; 11 S? < 11si~:

o
(e)

Fig. 4. The region of support for the double integration in eqn (14) (110 =21T10).

into still two more cases. They are

(ii)-l; 1/n~~)~ 1/n < Y(2n +1)2 +L 2 (2n +1); 7n ( 111(1» ~ 7n ( 110)

(ii)-2; I/n~~I> 1/0 > 0; Tn (111(1) > Tn (110)

where 1/t) and 11F) are the maxima and the minima points of Tn (11), respectively;

(1)_ 1[. . -I 11{1 1 1[(1 1)2 4 (2n+ 1)2]J]1/; -0 1T) +sm V"2 -ill+ V -ill -ill -L-

(21_ 1[. '-1/1{1 1 1[(1 1)2 4 (2n+l)2]J]11; - n 1T) +sm V"2 . un2- V - un2 - un2-L-

i< sin-I ( )< 1T, j = 0,1,2, ...

(24)

(25)

and n~~) satisfies the condition of 7n (1/I(I) =7n (1/0 =21T/O). The classification of these is shown in
Fig. 3 graphically.

Now, let us consider the inversion for the case (ii)-l. The region of support for the double
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integration is shown in Fig. 4b. In order to change the order, we devide it into six parts, I, II, III,
... , VI, as shown in the figure and introduce the following notations, for convenience,

(26)

(27)

(28)

Then, it is a simple matter to change the order for each part. Equation (14) is rewritten as

and the inversion of this is

Wn(O, t) = [ H('l'1 - T){ H(T - 2n -1)rT
+H(T - T2) f3 }

o '"

+H(orj - T){ H(T - Tt)f; +H(T - Ti) r;}
o "z

I,,; ("0]
+H(T-TDH{rn(T/O)-T} 0 +H{T-Tn(T/o)} 10

x {Tn «(n+) ~n: - Tn «(n-) ~n:} dT/

(29)

(30)

Similar procedures are applied to the case (ii)-2. For the case the region of support is also
shown in Fig. 4c and the inversion yields

Wn(O, t) =[H(Tt - T){H(T - 2n -1)I:T
+H(T - T2) I:~}

+ H(TI- '1'>[ H(T - Tt)f; + H{T - Tn (T/O)} rO]
o "z

I"T ("0]
+H(T-Ti)H{Tn(l1o)-T} ;;z +H(T-TD 10

x {TnUn+) dJ;+ - Tn «(n-) dJ;-} dT/ (31)

Consequently, the inversion of eqn (14) has just been obtained in terms of single integration
for all combinations of L, and n and the response at the point X =0on the interface is given by

(32)

where Wn(O, t) must be chosen appropriately from eqns (21), (30) and (31).
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4. WAVE ANALYSIS

In this section we shall consider the physical meanings of the cases (i) and (ii) and discuss the
discontinuities in the displacement at an observing point where the wavefronts cross the center
axis of the reciprocating motion. Although the amplitude is desirable for all of the wavefront, it is
expected that the type of the discontinuity or order of singularity for those wavefront curvatures
is identical because of the homogenity of the layer and of only presence of SH-wave. Then, it will
be justified that the analysis of waves at our observing point is carried as followings.

It is clear that the function 7:= 7n (1/) implies the arrival time of a wave which is originated
from the loaded point X = L sin 01/ at time 1/, and which arrives at the observing point after
n -time reflections at the interface. Then, the nth term Wn (0, t) in eqn (32) expresses the
disturbance due to the reflected wave. (If n = 0, it is the direct wave and has no reflections.)

The derivative of the arrival time function is positive for all 1/ and n as the maximum velocity
of the load is less than or equal to that of SH-wave of the layer. This is the case (i) and only an
ordinary wave of SH-wave propagates in the layer. The wave is originated from the initial
position of the load X = 0, Y = -1, and is reflected at the edges of the layer.

In the case that the maximum velocity is greater than that of SH-wave and that a condition of
the case (i) for n = 0

l/fi >VV+l- 1 (33)

exists, the leading front is generated in the layer but does not pass through the observing point.
Hence, the all terms in eqn (32) are given by the form of eqn (21) and the displacement has no
singularities.

On the other hand, if we can take a positive integer N given by

(34)

where [ ] is the Gauss's symbol and N is the maximum integer that does not exceed the real
number in the bracket, the angular frequency 0 satisfies the condition of the case (ii) for
N iE; n iE; 0 and that of the case (i) for n > N. Then, the leading front with reflection time up to N
passes through the observing point while that having the time greater than N doesn't so. This is
easily shown by the comparison of the front DD' E in Fig. 5d with e. The figures show the
development with increasing time of wavefronts in the layer loaded as lev leI> 1. The arrival time
of this front is given by 7 = 7n (1/?» and a finite jump takes place in the displacement. That is

4{2n + 1)

(35)

j = 1, 2, ...

where

and where T/?> is given by eqn (25).

(36)

Fig.5(a). Fig.5(b).
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n=5

n=

n=6

n=4
(c) t'=8.60174

Fig.5(c).

E

(d) 't = 10. 2478

Fig.5(d).

int

(e) T=4TT{=12.56637}

Fig.5(e).

Fig.5. The development with increasing time of wavefronts in the layer that result from a load with lw > Ct

(L = 5, n= 0.25).



72 K. WATANABE

On a front emanating from a point, a so-called sonic point, where the velocity of the load
comes up to that of SH-wave of the layer, the displacement has not any singularities because the
arrival time function T = Tn (l1) has no extremum at this point. However, there exists a singular
front immediately behind the sonic front. The singular front is generated only when the velocity
of the load exceeds that of SH-wave. The behaviour of the arrival of the front at the observing
point is recorded in the case (ii), where the arrival time is Tn (l1P» and the singularity is given by

_ Y2(2n + 1) ( iL sin fll1P) )
Wn(0, t) - { ( .(1) _ .(I)}312 Tn (.(1) _ (I)

Tn 11, 11/ Tn 11/ 111

(37)

Stronge[lOJ discussed these characteristics for the problem of the accelerating load, but did not
consider the singularities.

As shown in Fig. 5, one of two edges of the singular front coincides with that of the sonic front
on the surface of the layer and the other edge is together with that of the leading front in the layer.
The condition

(38)

states the arrivals of the latter edge, E and H in Fig. 5c-e. The arrival time and the singularity are

(39)

(40)

where j = 0 and 1 stand for the edges, E and H, respectively.
Further, through the above discussions we easily find that there exists no substantial

differences between the cases, (ii)-l and (ii)-2. Only one difference between them is in the point
that the arrival time of the singular front given by Tn (l1P» (if 110 =211'Ifl, j =1) is greater in case
(ii)-t and not greater in case (ii)-2 than that of the wave caused from the removal of the load at
time 110'

Now, in order to prove the above fact in graphical forms, numerical calculations are carried
out for the displacement. Figure 6 shows the variation with time of the displacement ratio WI Woo
W is the displacement caused by the reciprocating load and is given by eqn (32). Wo is that
caused by a stationary load on the initial position of the reciprocating load and is obtained from
eqn (21) with substitution of n = O. It is, of course, non-zero for all time. Results shown in the
figure are for A 0.25, 'Y = 0.5,110 =411' and L = 1,2,5 where L = I corresponds to the maximum
velocity Vmax =O.5c.; L =2, Vmax =CI; L =5, vmax2.5c\. The following conclusions will be
summerized from the figure;

(a) The small change at T = 3 or 5 explains the arrival of the ordinary reflected wavefront and
shows that the reflected wave due to the reciprocating load causes less change in the
displacement than that due to the stationary load. The change becomes clearer with increase of L
because the loaded point at the time T = 3 or 5 is farther from the observing point with increase of
the maximum velocity that is proportional to the amplitude of the reciprocating load. However,
this change fades out following the increase of the reflection time rapidly.

(b) The behaviours due to the leading and the singular fronts are shown in the curve L = 5
(vmax = 2.5eI)' As being given by eqns (35) and (37), the leading, singular and their reflected fronts
pass through the observing point and the arrivals of them are marked by I n .; and Sn.; for the
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19

>"=0.25
¥=o.S
g=0.5
X=O
~.=4n

15 1711

l= 5

(v.:;--"'2.~5C""',)---'I
Jo.O

1.5 ---.----.-.-..~-,.-~--.-__r--~.-.....,.-----.---------- .----.-~--- ..--

W/Wo

Fig.6. The variation with time of the displacement ratio W/Wo• 710 =41T, 0 =0.5, A 0.25, 'Y =0.5 (Wo is for
0=0, WisforO~O).

leading and singular fronts, respectively. It is easily found that these fronts cause more significant
change than the ordinary front in (a), especially, the un-reflected leading fronts Jo•o and JO•1 would
be most. As was expected in Fig. 5, the arrival of the singular front closes to that of the leading
front with increase of the reflection time, however, the amplitudes of these are also smaller.

(c) Generally, the curve whose maximum velocity is subsonic varies with time continuously,
but, with increasing the velocity the response changes more violently and the delay in phase is
more visible.

5. CONCLUDING REMARKS

The technique used in this paper is to employ the transformed boundary condition in the form
of integral such as eqn (9) and to reduce the analysis of waves to the examination of the arrival
time function 7'n (11). Then, the Cagniard's technique is directly applied to solving the problem of
the load with the trigonometric variation of velocity and the result is obtained in terms of single
integration.

As the result, in the supersonic case of the maximum velocity the displacement has a finite
jump on a leading front and has a logarithmic singularity immediately behind the sonic front.
These are given by eqns (35) and (37). The displacement also has the singularity of 0(117'-116) as the
coincident edge of the leading and singular fronts arrives at the observing point. This is given by
eqn (40). Consequently, the wavefront singularity depends on a parameter II defined by

(41)

because the singular part of the integrand in eqn (14) is {7' - 7'n(Tl )}lIZ. This implies that the
wavefront singularity also depends on the state of the moving load. For the leading and singular
fronts 11=2 and for the coincident edge II = 3.

Finally, it will be said that our inversion scheme can be used for any problems of the load with
arbitrary variation of velocity. For example, if the position of the load is given by a function X(7')
in the dimensionless form, with substitutions of X(Tl) into eqns (15) and (16) instead of L sin 011
the exact solution can be obtained byfollowing the same way as mentioned in the presentpaper. The
author is now under investigation of the problem of a rotating load on a plane surface of an elastic
body as an application of our technique.
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